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Abstract
An (m,n)-mixed graph generalizes the notions of oriented graphs and edge-coloured
graphs to a graph object with m arc types and n edge types. A simple colouring of
such a graph is a non-trivial homomorphism to a reflexive target. We find that simple
chromatic number of complete (m,n)-mixed graphs can be found in polynomial time.
For planar graphs and k-trees (k ≥ 3) we find that allowing the target to be reflexive
does not lower the chromatic number of the respective family of (m,n)-mixed graphs.
This implies that the search for universal targets for such families may be limited to
simple cliques.
Simple undirected graphs, oriented graphs and edge-coloured graphs may be generalized with
a single class of graph objects, (m,n)-mixed graphs. Such graphs consists of arcs (each of
one of m colors) and edges (each of one of n colours). A homomorphism of an (m,n)-mixed
graph G to a (m,n)-mixed graph H is a vertex mapping that preserves arcs, edges and their
colours. This definition of homomorphism, as well as the subsequent definitions of colouring
and chromatic number, generalizes those definitions specific to simple undirected graphs,
oriented graphs and edge-colored graphs.
In their work defining (m,n)-mixed graphs, Nesˇetrˇil and Raspaud showed that a pair of
similar results for oriented graphs and edge coloured graphs were actually special cases of
a more general result concerning (m,n)-mixed graphs [10]. Here we continue this work. In
particular we find that similar results in the study of reflexive homomorphism for oriented
graphs in [12] and 2-edge coloured graphs in [5] can be generalized to the more general
framework of (m,n)-mixed graphs.
A mixed graph is a simple undirected graph in which a subset of the edges have been oriented
to be arcs. An (m,n)-mixed graph, G = (V,A,E), with vertex set V , arc set A, and edge
set E, is a mixed graph together with a pair of functions: cA : A → {1, 2, 3, . . . ,m} and
cE : E → {1, 2, 3, . . . , n}. When m = 0 (resp. n = 0) it is assumed that the mixed graph used
to form the (0, n)-mixed graph (resp. (m, 0)-mixed graph) contains no arcs (resp. edges).
From this we see that a (0, 1)-mixed graph is a simple undirected graph, a (0, k)-mixed graph
is a k-edge-colored graph and a (1, 0)-mixed graph is an oriented graph.
We observe that each (m,n)-mixed graph G has an underlying simple undirected graph,
which we denote by U(G).
In discussing arcs and edges of (m,n)-mixed graphs we make no distinction in notation be-
tween arcs and edges. Since each pair of adjacent vertices in U(G) has exactly one adjacency
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in G, there is no possibility for confusion in the notation uv being used to refer to either
an arc between u and v or an edge between u and v, as the case may be. We say that
uv, xy ∈ E(U(G)) have the same adjacency type if
• uv, xy ∈ A and cA(uv) = cA(xy) or
• uv, xy ∈ E and cE(uv) = cE(xy).
We note that any particular (m,n)-mixed graph need not include all possible adjacency
types. And so for any fixed (m,n), we have that every (m,n)-mixed graph G is also an
(m′, n′)-mixed graph for any m′ ≥ m and n′ ≥ n.
Let G and H be (m,n)-mixed graphs. A homomorphism of G to H is a function φ : V (G)→
V (H) such that for all uv ∈ E(U(G)) we have
1. φ(u) 6= φ(v);
2. if uv ∈ E(G), then φ(u)φ(v) ∈ E(H) and cE(G)(uv) = cE(H)(φ(u)φ(v)); and
3. if uv ∈ A(G), then φ(u)φ(v) ∈ A(H) and cA(G)(uv) = cA(H)(φ(u)φ(v)).
We write φ : G→ H when there exists a homomorphism φ of G to H, or G→ H when the
name of the function is not important. An (m,n)-mixed k-colouring is a homomorphism of
G to a target on k vertices. The chromatic number of G, denoted χ(G), is the least integer
k such that G admits a homomorphism to a (m,n)-mixed graph on k vertices. For a family
of (m,n)-mixed graphs F , we let χ(F) denote the maximum of χ(G) taken over all G ∈ F .
If no such maximum exists we say χ(F) =∞.
The study of homomorphisms of (m,n)-mixed graphs arises from the study of homomor-
phisms of oriented graphs and homomorphisms of 2-edge-coloured graphs. In [10], the au-
thors introduce (m,n)-mixed graphs. Their introduction is motivated by results in [11] for
oriented graphs and in [1] for 2-edge coloured graphs. In [11], the authors show that the
chromatic number of an oriented graph is bounded above by the function of the acyclic
chromatic number of the underlying graph. In [1], the authors present the same result for
2-edge-coloured graphs. In [10], the authors show that these two results are in fact special
cases of a more general result for (m,n)-mixed graphs.
More recently in [2], we have seen the unification of results for oriented graphs and 2-edge-
coloured graphs in the classification of cliques and some related computational complexity
problems for (m,n)-mixed graphs. We continue this trend here, and find results in the area
of simple homomorphisms for (m,n)-mixed graphs that generalize known results for oriented
graphs and 2-edge-coloured graphs.
A simple homomorphism of G to H is a function φ : V (G) → V (H) such that either
|V (G)| = 1, or
1. there exists x, y ∈ V (G) such that φ(x) 6= φ(y);
2. if uv ∈ E(G), then φ(u)φ(v) ∈ E(H) and cE(G)(uv) = cE(H)(φ(u)φ(v)); and
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3. if uv ∈ A(G), then φ(u)φ(v) ∈ A(H) and cA(G)(uv) = cA(H)(φ(u)φ(v)).
We write φ : G→s H when there exists a simple homomorphism, φ, of G to H, or G→s H
when the name of the function is not important. One may consider a simple homomorphism
to be a non-trivial homomorphism to a target with a loop of each adjacency type at each
vertex. We define the simple chromatic number, denoted χs, analogously to the chromatic
number. We use the term simple k-colouring to refer to a simple homomorphism of G to an
(m,n)-mixed graph with k vertices.
In her PhD thesis, Smol´ınkova´ introduced and studied various aspects of simple colourings
of oriented graphs [12]. Notably, she showed χs(P) = χ(P) for P , the family of orientations
of planar graphs. Various aspects of the study of homomorphism to reflexive digraphs have
been examined [6, 7, 8]. Simple colourings of edge-coloured graphs were considered for the
first time in [5].
Our work proceeds as follows. In Section 1 we fully characterize minimum simple colourings
of complete (m,n)-mixed graphs. Our results imply the existence of a polynomial-time
algorithm to compute the simple chromatic number of such (m,n)-mixed graphs. We find
constructions for (m,n)-mixed graphs on k ≥ 5 vertices so that the resulting (m,n)-mixed
graph has simple chromatic number exactly k. In Section 2 we study optimally simply
colourable families. That is, those families for which χs(F) = χ(F). We generalize results
given in [5] and [12]. These results suggest that for such families, which include planar graphs,
that the search for universal targets can be restricted to simple cliques, those (m,n)-mixed
graph that have chromatic number equal to their order.
Herein we assume that all (m,n)-mixed graphs are simple. That is, between every pair of
vertices there is at most one adjacency, and that no vertex is adjacent to itself. For all other
graph theoretic definitions and notation we refer the reader to [3].
1 The Simple Chromatic Number of (m,n)-mixed Graphs
We begin by classifying those (m,n)-mixed graphs with chromatic number 2.
Theorem 1.1. An (m,n)-mixed graph G with U(G) = Γ has χs(G) = 2 if and only if there
exists a partition V (G) = X ∪ Y so that for all xy, x′y′ ∈ E(Γ) with x, x′ ∈ X and y, y′ ∈ Y
we have
• xy, x′y′ ∈ E(G) and cE(xy) = cE(x′, y′);
• xy, x′y′ ∈ A(G) and cA(xy) = cA(x′, y′); or
• yx, y′x′ ∈ A(G) and cE(yx) = cE(y′, x′).
Proof. By definition we have χs(G) = 2 if and only if there exists φ : G→s H so that U(H)
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is 2K1 or K2. Such a partition V (G) = X ∪ Y is equivalent to a homomorphism of G to
H.
For an (m,n)-mixed graph G, let Ei (respectively Aj) be the set of edges e (respectively
arcs) so that cE(e) = i (respectively, cA(e) = j). Let G[E − Ei] (respectively G[A − Aj])
be the subgraph of G formed by removing all edges of Ei (respectively, all arcs of Aj) from G.
Corollary 1.2. An (m,n)-mixed graph G has χs(G) = 2 if and only if there exists a minimal
edge cut E ′ of U(G) so that
• there exists 1 ≤ i ≤ n so that e ∈ Ei for all e ∈ E ′; or
• there exists 1 ≤ j ≤ m so that uv ∈ Aj for all uv ∈ E ′ and there is a partition of
the components of U [G−E ′] in to two sets, X and Y , so that every arc in G between
x ∈ X and y ∈ Y has its head at y.
Corollary 1.2 trivially implies a graph G has χs(G) = 2 if and only if G has an edge cut or
G is disconnected. Theorem 1.1 generalizes the classification of oriented graphs with simple
chromatic number 2 found in [6] and [12], and the classification of 2-edge-coloured graphs
with simple chromatic number 2 found in [5].
Corollary 1.3. For any (m,n)-mixed graph G, it can be decided in polynomial time if
χs(G) = 2.
Proof. IF U(G) is not connected or |V (G)| ≤ 2, then χs(G) ≤ 2. And so we may assume
U(G) is connected and G has at least 3 vertices. By Corollary 1.2 it suffices to decide if
there exists an minimal edge cut E ′ of U(G) whose removal leaves a pair of subgraphs X
and Y so that for all xy, x′y′ ∈ E(Γ) with x, x′ ∈ X and y, y′ ∈ Y we have
• xy, x′y′ ∈ E(G) and cE(xy) = cE(x′, y′);
• xy, x′y′ ∈ A(G) and cA(xy) = cA(x′, y′); or
• yx, y′x′ ∈ A(G) and cE(yx) = cE(y′, x′).
For each of the n edge types, this amounts to deciding whether the subgraph of U(G)
induced by removing all the edges of a particular colour is connected, which can be decided
in polynomial time.
Assume G[E−Ei] is connected for all 1 ≤ i ≤ n. If U(G[A−Aj]) is connected (1 ≤ j ≤ m),
then no subset of the arcs of colour j can form E ′ in the statement of Corollary 1.2. And so
G does not admit a simple 2-colouring. Otherwise, consider the case where U(G[A−Aj]) is
not connected, with components Cj = {C1, C2, . . . , Ct} for some 1 ≤ j ≤ m. Let Hj be the
digraph with vertex set Cj, where there is the arc from Ck to C` (1 ≤ k, ` ≤ t) when there is
an arc ckc` ∈ A(G) for any ck ∈ Ck and c` ∈ C`. By the construction of Hj, such an arc in
G must have cA(ckc`) = j.
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Claim: χs(G) > 2 if and only of Hj is strongly connected for all 1 ≤ j ≤ m.
If Hj is not strongly connected, then there exists a partition Xj ∪ Yj of Cj so that all of the
arcs, between Xj and Yj have their tail in Xj. By construction, this set of arcs is a minimal
edge cut in U(G). By Corollary 1.2, we have χs(G) = 2.
Assume Hj is strongly connected for all 1 ≤ j ≤ m. Therefore for all partitions Xj ∪ Yj of
V (Hj), there is an arc from Xj to Yj and an arc from Yj to Xj. Therefore there is no set of
arcs with colour j that can be used to satisfy Corollary 1.2
The result follows from the claim by observing the that strong connectedness can be decided
in polynomial time for digraphs.
Let G be a (m,n)-mixed graph. If uv, wv ∈ E(U(G)), then we say u and w agree on v when
• uv, vw ∈ E(G) and cE(uv) = cE(vw);
• uv, wv ∈ A(G) and cA(uv) = cA(wv); or
• vu, vw ∈ A(G) and cA(vu) = cA(vw).
Otherwise we say v is between u and w. Note that the definitions of agree and between follow
the usual definitions for oriented graphs.
If v is between u and w, we observe that if φ is a simple colouring of G such that φ(u) = φ(w),
then φ(v) = φ(u). Following [12], we say C ⊂ V (G) is convex if for any pair u,w ∈ C there
is no v ∈ V (G)−C such that v is between u and w. For N ⊆ V (G), the convex hull of N is
the smallest convex set of vertices of G that has N as a subset. It is easily verified that this
set is well-defined. We denote this set conv(N).
Lemma 1.4. Let c be a simple colouring of a (m,n)-mixed graph G and consider N ⊆ V (G)
such that for all u ∈ N , c(u) = i. For all x ∈ conv(N) we have c(x) = i.
Proof. Consider a vertex x ∈ conv(N) and let N ′ be the largest subset of conv(N) such that
x /∈ N ′ and for all y, z ∈ N ′ such that if there is a vertex w 6= x between y and z, then
w ∈ N ′. We proceed by induction on the cardinality of N ′. If |N ′| = 2, then, since N ′ is
largest, x is between the two vertices in N ′ and so c(x) = i.
Assume now that |N ′| = k > 2. Since N ′ is largest, there exists a pair of vertices y, z ∈ N ′
such that x is between y and z. If c is a simple colouring of G, then by induction c(y) =
c(z) = c(v) for all v ∈ N ′. Since x is between y and z, it must also be c(x) = c(u).
Though, in general, simple homomorphisms do not compose, surjective simple homomor-
phisms compose. We formalize this observation in the following lemma.
Lemma 1.5. If φ : G→s H and β : H →s J are surjective, then G→s J .
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Proof. Let φ : G →s H and β : H →s J . Since both φ and β preserve arcs, edges, and
their colours, we have that β ◦ φ : G→ J preserves arcs, edges, and their colours. To show
β ◦ φ is a simple homomorphism, it suffices to show that there exists u, v ∈ V (G) such that
β ◦φ(u) 6= β ◦φ(v). Since β is surjective, for every y 6= z ∈ V (J) there exists yH , zH ∈ V (H)
such that yH = β
−1(y) zH = β−1(z) and yH 6= zH . Similarly, there exists yG, zG ∈ V (G)
such that yG = φ
−1(yH), zG = φ−1(zH) and yG 6= zG. Therefore β ◦ φ(yG) 6= β ◦ φ(zG), as
required.
Theorem 1.6. If φ : G→s H is surjective, then χs(G) ≤ χs(H).
Proof. This follows directly from Lemma 1.5 and the definition of simple chromatic number.
We call G an (m,n)-mixed graph complete when U(G) = K|V (G)|.
Corollary 1.7. If G, an (m,n)-mixed graph, has χs(G) = k, then there exists a complete
(m,n) mixed graph T so that φ : G→s T is surjective and |V (T )| = k.
Let T3 be the transitive tournament on three vertices. Despite being an orientation of a
complete graph, we have χs(T3) = 2. Recall that an (m,n)-mixed clique is an (m,n)-mixed
graph G so that χ(G) = |V (G)|. The family of (m,n)-mixed cliques is classified as follows.
Theorem 1.8. [2] An (m,n)-mixed graph G is an (m,n)-mixed clique if and only if for
every u, v ∈ V (G) either uv ∈ E(U(G)) or there is a vertex z such that z is between u and
v.
We define an (m,n)-mixed simple clique analogously, and find the following classification.
Theorem 1.9. An (m,n)-mixed graph G is a (m,n)-mixed simple clique if and only if
conv({u, v}) = |V (G)| for all u, v ∈ V (G).
Proof. Let G be an (m,n)-mixed simple clique. The claim holds when |V (G)| ≤ 2. Assume
|V (G)| ≥ 3 and there exists u, v ∈ V (G) so that conv({u, v}) ⊂ V (G). Let H be the (m,n)-
mixed graph formed by identifying all vertices of conv({u, v}) into a single vertex. There
exists an surjective simple homomorphism φ : G→s H. By Theorem 1.6, we have χs(G) ≤
χs(H). However, since H has fewer vertices than G, we have χs(H) < |V (G)| = χs(G), a
contradiction.
Assume conv({u, v}) = V (G) for all u, v ∈ V (G). In particular we have conv(uv) = V (G) for
all u, v ∈ E(U(G)). Therefore every simple colouring of G is also an (m,n)-mixed colouring
of G. Thus it suffices to show that G is an (m,n)-mixed clique. Since conv({u, v}) = V (G)
for all u, v ∈ V (G), for all non-adjacent pairs x, y ∈ V (G), there is a vertex between x and
y. The result follows by Theorem 1.8.
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Corollary 1.10. A complete (m,n)-mixed graph G is an (m,n)-mixed clique if and only if
conv({uv}) = |V (G)| for all uv ∈ E(U(G)).
We show that the convex hull of a pair of vertices of an arbitrary (m,n)-mixed graph can be
efficiently computed, and so the problem of deciding if a (m,n)-mixed graph is an (m,n)-
mixed simple clique is Polynomial.
Let G be a (m,n)-mixed graph. Let X ⊆ V (G). Let NX0 = X. For i > 0, if NXi exists, let
BXi ⊆ V (G) −NXi be the set of vertices x such that x is between a pair of vertices in NXi .
If BXi 6= ∅, then let NXi+1 = NXi ∪BXi . Otherwise let NX = NXi .
Theorem 1.11. Let G be an (m,n)-mixed graph. For every X ⊆ V (G) we have NX =
conv(X)
Proof. Observe the claim holds when |X| = 1. Assume |X| ≥ 2. By definition, NX is convex
and X ⊆ NX . If NX 6= conv(X), then by definition of conv(X), we have |NX | > |conv(X)|.
Therefore there is some least index i ≥ 0 so that BXi contains a vertex x where x ∈ NX , but
x /∈ conv(X). By definition, x is between a pair of vertices in NXi . We reach a contradiction
by observing that NXi ⊆ NX and NX is convex, but x /∈ NX .
Corollary 1.12. For G, an (m,n)-mixed graph, and X ⊆ X ′ ⊆ V (G), we have Conv(X) ⊆
Conv(X ′).
Corollary 1.13. Deciding if a (m,n)-mixed graph is an (m,n)-mixed simple clique is Poly-
nomial.
Proof. The result follows from Theorems 1.9 and 1.11 and by observing that Bi in the
construction of conv(X) can be constructed in polynomial time.
Though computing the simple chromatic number of an oriented graph is NP-hard [12], we
find that the simple chromatic number of any complete (m,n)-mixed graph can be computed
in polynomial time. To show this we require the following result.
Theorem 1.14. Let G be a complete (m,n)-mixed graph with χs(G) > 2. We have conv({u, v}) 6=
V (G), if and only if c(u) = c(v) in every minimum simple colouring of G.
Proof. Let G be a complete (m,n)-mixed graph with χs(G) > 2. If c(u) = c(v) in any simple
colouring of G, then conv({u, v}) 6= V (G).
Assume now that conv({u, v}) 6= V (G), but c(u) 6= c(v). By Lemma 1.7, there exists an
(m,n)-mixed clique T so that φ : G →s T is surjective and V (T ) = χs(G). By Theorem
1.9, conv({c(u), c(v)}) = V (T ). Let Z = {z ∈ V (G)|c(u) 6= c(z) 6= c(v)}. As c(z) ∈
conv({c(u), c(v)}) and c is surjective, we have Z ⊂ conv({u, v}). Since χs(G) > 2, Z is
non-empty. Consider z′ ∈ Z. By Theorem 1.9, conv({c(z′), c(v)}) = V (T ). Let V ′ =
{v′ ∈ V (G)|c(v′) = c(v)}. As c(v) ∈ conv({c(u), c(z′)}) and c is surjective we have V ′ ⊆
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conv({z′, u}). Thus V ′ ⊆ conv({u, v}). Similarly, {u′ ∈ V (G)|c(u′) = c(u)} ⊆ conv({u, v}).
Therefore conv({u, v}) = V (G), a contradiction. Therefore c(u) = c(v).
Corollary 1.15. Let G be a complete (m,n)-mixed graph so that χs(G) > 2 and let c be a
minimum colouring of G. If c(u) 6= c(v), then Conv{u, v} = V (G).
Theorem 1.14 implies minimum simple colourings of complete (m,n)-mixed graphs are
unique.
Corollary 1.16. Let G be a complete (m,n)-mixed graph with χs(G) > 2. Up to the labelling
of the colour classes, there is a unique minimum colouring of G.
Proof. Let c be a minimum colouring of G. Assume c is not unique. Therefore there exists
u, v ∈ V (G) and a minimum colouring c′ of G such that c(u) = c(v), but c′(u) 6= c′(v).
Since c(u) = c(v), we have conv({u, v}) 6= V (G). However, since c′(u) 6= c′(v), we have
conv({u, v}) = V (G), a contradiction.
Theorem 1.17. Let G a complete (m,n)-mixed graph. For any fixed k ≥ 1 it can be decided
in polynomial time if χs(G) ≤ k
Proof. The only complete (m,n)-mixed graph with simple chromatic number k = 1 has a
single vertex. For k = 2, the result follows from Corollary 1.3. Otherwise for fixed k ≥ 3,
we proceed by induction on ν = V (G), noting the claim is true when ν = 3. Consider G
with ν = ` and uv ∈ U(G). By Theorem 1.9, it can be decided in polynomial time if G
is a simple clique. If G is not a simple clique, then by Corollary 1.15 there exists u and
v so that conv({u, v}) 6= V (G). As noted in the proof of Corollary 1.3, conv({u, v}) can
be constructed in polynomial time. Let G′ be the (m,n)-mixed graph formed from G by
identifying the vertices of conv({u, v}) in to a single vertex. By Lemma 1.4 and Theorem
1.14, we have χs(G) = χs(G
′). The result follows by induction.
The complexity of deciding if an oriented graph has simple chromatic number at most k (for
fixed k) is NP-complete for all k ≥ 5, and polynomial otherwise [12]. As such, the complexity
of deciding if an (m,n)-mixed graph with m 6= 0 has simple chromatic number at most k (for
fixed k) is NP-complete when k ≥ 5. However, by Theorem 1.17, this problem is Polynomial
when restricted to the class of complete (m,n)-mixed graphs. Given the close relationship
between oriented colourings and colourings of 2-edge-coloured graphs, it is reasonable to
expect this decision problem to be NP-complete when m = 0 and n ≥ 2.
We close our discussion on the simple chromatic number of (m,n)-mixed graphs by provid-
ing constructions for (m,n)-mixed simple cliques. We use these constructions to show that
for every (m,n) 6= (0, 1) and every k ≥ 5 that there is a (m,n)-mixed simple clique with
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k vertices. Such a theorem, of course, would be trivial in the study of graph colourings.
However, the observation that there exist complete (m,n)-mixed graphs whose simple chro-
matic number is strictly less than their order makes the above theorem of interest for simple
colourings. Consider, for example, the family of tournaments on four vertices. It is easily
checked that every tournament on four vertices has simple chromatic number at most 3.
And so this implies there are no oriented graphs with simple chromatic number 4. We find a
similar behaviour amongst the family of 2-edge-coloured complete graphs on 3 vertices. Our
result implies for all k 6= 3, 4, and all (m,n) 6= (0, 1) there is an (m,n)-mixed graph with
chromatic number k.
Let Γ be an additive group and let S ⊆ Γ. The Cayley digraph D(Γ, S) has V (D) = Γ
and uv ∈ A(D) when u − v ∈ S. If S contains no pair {x,−x}, then G(Γ, S) is neces-
sarily an oriented graph. The Cayley graph, G(Γ, S) has V (G) = Γ and uv ∈ E(G) when
u−v ∈ S. For a Cayley graph G(Γ, S) we may assume S is closed under the additive inverse.
For x, n ∈ Z+, let [x]n be the result of reducing x modulo n.
Theorem 1.18. Let n ≡ 1 (mod 2), Γ = Zn and S = {2, n − 1} ∪ {x ∈ V (D)|x ≡ 0
(mod 4)}. The Cayley digraph D(Γ, S) is a simple oriented clique for all n ≥ 5.
Proof. By Theorem 1.9 is suffices to show that Conv{u, v} = V (G) for all u, v ∈ V (G).
Observe that that vertices i, [i + 1]n, [i + 2]n induce a copy of the oriented 3-cycle for all
0 ≤ i ≤ n. Therefore {i, [i + 1]n, [i + 2]n} ⊆ conv({i, [i + 2]n}) and {i, [i + 1]n, [i + 2]n} ⊆
conv({i, [i + 1]n}). Thus by Corollary 1.12, if {i, [i + 1]n} ⊆ N , or {i, [i + 2]n} ⊆ N , then
conv(N) = V (G) for any 1 ≤ i ≤ n.
Since G is vertex transitive, it suffices to assume u = 0. By the remarks above it suffices to
show either 1 ∈ conv({0, v}) or 2 ∈ conv({0, v}). Further we may assume v 6= −2,−1, 1, 2
Case I v ≡ 0 (mod 4): If v 6= 4, then observe that the vertex 4 is between 0 and v.
Therefore 4 ∈ conv({0, v}). Observe now that the vertex 2 is between 0 and 4. Therefore
2 ∈ conv({0, v}). By the remarks above and Corollary 1.12 we have conv({0, v}) = V (G).
Case II v ≡ 2 (mod 4): Observe that the vertex 1 is between 0 and v. Therefore 1 ∈
conv({0, v}). By the remarks above and Corollary 1.12 we have conv({0, v}) = V (G).
Case III v ≡ 1 (mod 4): If n ≡ 1 (mod 4), and v 6= n − 4, then observe that the vertex
n− 4 is between 0 and v. Therefore n− 4 ∈ conv({0, v}). Observe that the vertex n− 2 is
between 0 and n− 4. Therefore n− 2 ∈ conv({0, v}). By the remarks above and Corollary
1.12 we have conv({0, v}) = V (G).
Otherwise, n ≡ 3 (mod 4). Observe that the vertex n − 2 is between 0 and v. Therefore
n−2 ∈ conv({0, v}). By the remarks above and Corollary 1.12 we have conv({0, v}) = V (G).
Case IV v ≡ 3 (mod 4): If n ≡ 1 (mod 4), then observe that the vertex n − 2 is between
0 and v Therefore n − 2 ∈ conv({0, v}). By the remarks above and Corollary 1.12 we have
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conv({0, v}) = V (G).
Otherwise, n ≡ 3 (mod 4). Observe that the vertex n − 1 is between 0 and v Therefore
n−1 ∈ conv({0, v}). By the remarks above and Corollary 1.12 we have conv({0, v}) = V (G).
Therefore conv({0, v}) = V (G) for all v ∈ V (G).
Lemma 1.19. Let Γ = Zn for n ≥ 5 and S = {1} ∪ {x ∈ V (G) | x ≡ 1, 2, 3 (mod 4)}. The
Cayley 2−edge-coloured graph G(Γ, S ∪ −S) with cE(uv) = 1 if and only if |v − u| = 1 is a
simple clique.
Proof. By Theorem 1.9 is suffices to show that Conv{u, v} = V (G) for all u, v ∈ V (G).
Observe the vertices i, [i+ 1]n, [i+ 2]n, [i+ 3]n induce a 2-edge-coloured simple clique for all
0 ≤ i ≤ n. Let Ci = {i, [i+ 1]n, [i+ 2]n, [i+ 3]n} for 1 ≤ i ≤ n. Thus if for any u, v ∈ V (G),
if any 2−element subset of Ci (for a fixed 1 ≤ i ≤ n) is a subset of Conv{u, v}, we have
Conv{u, v} = V (G).
Observe the 2-edge-coloured Cayley graph G(Γ, S) is vertex transitive. Thus it suffices to
assume u = 0. By the previous remarks we may assume v 6= −3,−2,−1, 1, 2, 3. Observe that
either v+1 or v−1 is between 0 and v for all 5 ≤ v ≤ n−5. Therefore {v, v+1} ⊂ conv({0, v})
or {v, v − 1} ⊂ conv({0, v}). The result follows from the previous remarks and Corollary
1.12.
For n ≥ 3, let Hn be the 2-edge-coloured graph with vertex set V (Hn) = {x0, x1, . . . xn−1} ∪
{y0, y1, . . . yn−1} constructed from Kn,n by adding edges so that each of x0, x1, . . . xn−1 and
y0, y1, . . . yn−1 are cycles. We complete the construction of Hn by letting cE(e) = 1 when
e = xix[i+1]n , e = yiy[i+1]n (0 ≤ i ≤ n − 1) or e = xjyj (0 ≤ j ≤ n − 1). Otherwise we let
cE(e) = 2.
Lemma 1.20. Hn is a simple 2−edge-coloured simple clique for all n ≥ 3.
Proof. By Theorem 1.9, it suffices to check that conv({u, v}) = V (Hn). LetX = {x0, x1, . . . , xn−1}
and Y = {y0, y1, . . . , yn−1}. We proceed by induction on n, noting the claim is true by in-
spection when n = 3. By symmetry we may assume u = xn−1. We proceed in cases.
Case I: u = xn−1, v = yn−1. By construction, xn−1 and yn−1 disagree on xn−2 and yn−2.
Therefore {xn−2, yn−2} ⊂ conv({u, v}). By induction, conv({xn−2, yn−2}) = X ∪ Y −
{xn−1, yn−1}. Therefore conv({u, v}) = V (Gn).
Case II: u = xn−1, v = xn−2. The vertices xn−1 and xn−2 disagree on yn−1. The result follows
by Case I.
Case III: u = xn−1, v = xj, (1 ≤ j < n−1 and j 6= n−1). The vertices xn−1 and xj disagree
on yn−1. The result follows by Case I.
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Case IV: u = xn−1, v = yj, (1 ≤ i, j ≤ n − 1 and j 6= n − 1). The vertices xn−1 and xj
disagree on xn−2. The result follows by Case III.
For n ≥ 3, let Gn be the oriented graph with vertex set V (Gn) = {x0, x1, . . . xn−1} ∪
{y0, y1, . . . yn−1} constructed from Kn,n by adding arcs so that each of x0, x1, . . . xn−1 and
y0, y1, . . . yn−1 are directed cycles and orienting the edges so that xiyj ∈ A(Gn) for 1 ≤ i ≤
j ≤ n and yjxi ∈ A(Gn) for 1 ≤ j < i ≤ n.
Lemma 1.21. Gn is a simple oriented clique for all n ≥ 3.
Proof. This proof follows similarly to that of Lemma 1.20.
Theorem 1.22. For every (m,n) 6= (0, 1) and every k ≥ 5 that there is an (m,n)-mixed
clique with k vertices.
Proof. Observe that an oriented graph is an (m,n)-mixed graph for all m ≥ 1 and that a
2-edge-coloured graph is an (m,n)-mixed graph for all n ≥ 2. The result now follows from
Lemmas 1.18, 1.19 and 1.21.
In [9] the authors show that almost every tournament is a simple oriented clique. In many
cases, the constructions above give oriented or 2-edge-coloured simple cliques whose under-
lying graphs are not complete. In [2] the authors show for every (m,n) 6= (0, 1) that almost
every (m,n)-mixed graph is an (m,n)-mixed clique. And so we conjecture the following.
Conjecture 1.23. For every (m,n) 6= (0, 1), almost every (m,n)-mixed graph is a simple
(m,n)-mixed clique.
2 Optimally Simply Colourable Families
Recall that a family (m,n)-mixed graphs F is optimally simply colourable when χs(F) =
χo(F). One can see that any family F with χs(F) = ∞ is optimally simply colourable.
This is the case for orientations of bipartite graphs [12]. However, there are also examples of
optimally simply colourable families with finite chromatic number. We show this is the case
for Tk, the family of (m,n)-mixed graphs whose underlying graphs are partial k-trees, for
fixed k ≥ 3, and for P , the family of (m,n)-mixed graphs whose underlying graphs are planar.
Theorem 2.1. For all (m,n) 6= (1, 0) and all k ≥ 3, the family of (m,n)-mixed partial
k-trees is optimally simply colourable.
Proof. For fixed (m,n) 6= (0, 1) and k ≥ 3 let Tk be the family of (m,n)-mixed partial k-
trees. Since it is clear that χs(Tk) ≤ χ(Tk), it suffices to show that χs(Tk) ≥ χ(Tk). Let G
be a (m,n)-mixed graph such that U(G) is k-tree and χ(G) = χ(Tk). We note that we may
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assume that U(G) is a k-tree, as if U(G) is a partial k tree then adding edges to G cannot
decrease its chromatic number. Let C be the set of simple colourings c of G using no more
than χs(Tk) colours such that there is an monochromatic (with respect to the colours of the
vertices assigned by c) edge. As U(G) is k-tree it is constructed with a sequence of of cliques
of order k + 1: V1, V2, . . . , V`.
Note that for every colouring c ∈ C there must exist some clique V such that V has a
monochromatic edge, but contains vertices of two different colours. That is, for each c ∈ C
there exists V c ∈ {V1, V2, . . . , V`} such that for some xc, yc, zc ∈ V c, we have c(xc) = c(yc) 6=
c(zc)
We say that a clique V is bad with respect to c ∈ C if there exists x, y, z ∈ V such that
c(x) = c(y) 6= c(z). We construct an (m,n)-mixed partial k-tree G′ that has G as a subgraph
by augmenting bad cliques. We proceed based on the values of m and n.
Case I: n ≥ 2:
For each triple xc, yc, zc over all c ∈ C we add the vertices vc, wc and all possible edges
between vertices xc, yc, zc and vertices vc, wc. Of the newly added edges, we assign xcvc, xcwc
and zcwc colour 1. We assign all other newly added edges to have colour 2. We note that,
since k ≥ 3, the resulting underlying graph U(G′) is a partial k-tree.
Let c′ be a simple colouring of G′ using no more than χs(Tk) colours. Since for all c ∈ C we
have zc, vc, wc ∈ conv{xc, yc}, it must be that c′ does not extend any colouring in C. To see
this, assume that c′ extends some c ∈ C. We have c′(xc) = c(xc) and c′(yc) = c(y). However
in G′ we have that zc ∈ conv{xc, yc} by Lemma 1.4 it follows that c′(zc) = c′(xc). However,
since c′ extends c we have that c(xc) = c′(xc) = c′(zc) = c(zc). This contradicts our choice of
xc, yc, zc. Since c
′ does not extend any c ∈ C, restricting c′ to the vertices of G yields valid
a colouring of G with no monochromatic edge. Thus, χ(G) ≤ χs(G). By our choice of G, it
follows that χs(Tk) ≥ χ(Tk), as required.
Case II: n < 2: Since (m,n) 6= (0, 1) it must be that m ≥ 1. We proceed as in Case
I. However, rather than adding edges between vertices in xc, yc, zc and vertices vc, wc we
add the following arcs: xcvc, wcxc, vcyc, ycwc, vczc, zcwc. Again we observe that zc, vc, wc ∈
conv{xc, yc}.
We note the construction in Case II appeared originally in [12]. We include it here for
completeness.
Let H be the family of (1, 0), (2, 0) and (0, 2) planar mixed graphs given in Figure 1 together
with those formed from swapping the orientation of every arc or swapping edge/arc colour
1 with edge/arc colour 2.
Lemma 2.2. Let G be an (m,n)-mixed graph that contains H, a member of H. For every
simple colouring φ of G, the set {φ(x), φ(y), φ(z)} has cardinality either 1 or 3.
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Figure 1: The family H in the proof of Theorem 2.3.
Proof. Let G be an (m,n)-mixed graph that contains H ∈ H. Let φ be a simple colouring
of G. Assume |{φ(x), φ(y), φ(z)}| 6= 3. There are six possibilities for H.
Case I: H = A, or H = C or H = D.
Case I.i: φ(x) = φ(z).
If φ(x) = φ(z), then φ(x) = φ(y) since y is between x and z. Thus φ(x) = φ(y) = φ(z).
Case I.ii: φ(y) = φ(z).
The proceeds similarly to the previous case.
Case I.iii: φ(x) = φ(y).
If φ(x) = φ(y), then φ(u) = φ(y) as u is between x and y. Therefore φ(z) = φ(y), as z is
between u and y. Thus φ(x) = φ(y) = φ(z).
Thus if H = A, or H = C or H = D and |{φ(x), φ(y), φ(z)}| 6= 3, then |{φ(x), φ(y), φ(z)}| =
1.
Case II: H = B.
Case II.i: φ(x) = φ(y).
If φ(x) = φ(y), then φ(x) = φ(w), as w is between x and y. Therefore φ(u) = φ(y), as u is
between w and y. Therefore φ(z) = φ(y), as z is between u and y. Thus φ(x) = φ(y) = φ(z).
Case II.ii: φ(x) = φ(z).
If φ(x) = φ(z), then φ(x) = φ(v), as v is between x and z. Therefore φ(u) = φ(v), as u is
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between v and x. Therefore φ(w) = φ(u), as w is between u and x. Therefore φ(y) = φ(w),
as y is between w and x. Thus φ(x) = φ(y) = φ(z).
Case II.iii: φ(y) = φ(z).
The proceeds similarly to the previous case.
Thus if H = B and |{φ(x), φ(y), φ(z)}| 6= 3, then |{φ(x), φ(y), φ(z)}| = 1.
Case III: H = E or H = F .
Case III.i: φ(x) = φ(y).
This case follows similarly to Case I.iii
Case III.ii: φ(x) = φ(z).
If φ(x) = φ(z), then φ(x) = φ(v), as v is between x and z. Therefore φ(u) = φ(v), as u is
between v and x. Therefore φ(y) = φ(u), as y is between u and x. Thus φ(x) = φ(y) = φ(z).
Case III.iii: φ(y) = φ(z).
This follows similarly to the previous case by exchanging the role of u and v.
Thus if H = E or H = F and |{φ(x), φ(y), φ(z)}| 6= 3, then |{φ(x), φ(y), φ(z)}| = 1. This
completes the proof.
We note that the case H = E appears in [12]. We include it here for completeness.
Let Hxyz be the family of graphs formed from those in H by taking the subgraphs induced
by x, y, and z for each H ∈ H.
Theorem 2.3. For all (m,n) 6= (0, 1), the family of (m,n)-mixed planar graphs is optimally
simply colourable.
Proof. For fixed (m,n) 6= (0, 1), let P be the family of (m,n)-mixed planar graphs. Since
it is clear that χs(P) ≤ χ(P), it suffices to show that χs(P) ≥ χ(P). Let G be a (m,n)-
mixed graph such that U(G) is maximally planar and χ(G) = χ(P). We note that such a
G must exist, as adding arcs/edges to a (m,n)-mixed graph cannot decrease its chromatic
number. Let C be the set of simple colourings c of G using no more than χs(P) colours that
have a monochromatic (with respect to the colours of the vertices assigned by c) edge. If
χs(P) < χ(P), then for each c ∈ C, there at least one triangular face Fc so that exactly two
of the vertices of this face are assigned the same colour by c. Such faces cannot be directed
monochromatic (with respect to the colours of the vertices assigned by c) 3-cycles, nor can
such a face contain arcs/edges of three distinct colours. Therefore each Fc is isomorphic to
some Hc ∈ Hxyz, up to the labels of the colours of the edges and arcs.
We construct an (m,n)-mixed planar graph G′ that contains G as a proper subgraph as
follows. For each c ∈ C and each Fc add the necessary vertices, arcs and edges to form H ′c,
the graph from H used to form Hc. Observe χ(G′) ≥ χ(G) = χ(P). Since each H ∈ H is
planar, it follows G′ ∈ P . Therefore χ(G′) = χ(P).
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Let c′ be a simple colouring of G′ using χs(G′) colours. Consider c′|G, the simple colouring
produced by restricting c′ to vertices of G. If c′|G is not a proper colouring, then there must
be some triangular face F of G so that exactly two of the vertices of this face are assigned
the same colour by c′|G. Since c′|G uses no more than χs(P) colours, the existence of F
implies c′|G ∈ C.
However, by the construction of G′ and Lemma 2.2 the vertices on F either all are assigned
the same colour or all assigned distinct colours. This contradicts the existence of F . Since no
such F exists, it must be c′|G is a colouring of G. Since χ(G) = χ(P), c′|G uses χ(P) colours.
This implies c′ uses at least χ(P) colours. Thus χs(G′) ≥ χ(P). Therefore χs(P) ≥ χ(P),
as required.
3 Conclusion
A common technique to find an upper bound for the chromatic number of a family of (m,n)-
mixed graphs F is to a find an (m,n)-mixed graph H such that F → H for all F ∈ F .
Such a target (m,n)-mixed graph is called universal for the class F . Theorems 2.1 and 2.3
suggest that one may restrict the search for universal targets to the class of simple cliques for
(m,n)-mixed planar graphs and (m,n)-mixed k-trees. In [10] the authors construct H
(m,n)
k ,
a universal target for the class of (m,n)-mixed graphs with whose underlying graphs have
acyclic chromatic number at most k, for fixed (m,n) and k. Since planar graphs have acyclic
chromatic number at most 5 [4], H
(m,n)
5 is a universal target for the class of (m,n)-mixed
planar graphs. If H
(m,n)
k were not a simple clique, then Theorem 2.3 together with a simple
colouring of H
(m,n)
k could be used to improve the upper bound for the chromatic number
of (m,n)-mixed planar graphs. In particular, one could improve the long-standing upper
bound of 80 for the oriented chromatic number of planar graphs. However, one can verify
by computer that H
(1,0)
5 is indeed a simple oriented clique.
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